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RETRACTS OF FREE GROUPS AND A QUESTION OF
BERGMAN
ILIR SNOPCE, SLOBODAN TANUSHEVSKI, AND PAVEL ZALESSKII
Abstract. Let Fn be a free group of finite rank n ≥ 2. We prove that if H
is a subgroup of Fn with rk(H) = 2 and R is a retract of Fn, then H ∩ R is a
retract of H . However, for every m ≥ 3 and every 1 ≤ k ≤ n− 1, there exist a
subgroup H of Fn of rank m and a retract R of Fn of rank k such that H ∩R
is not a retract of H . This gives a complete answer to a question of Bergman.
Furthermore, we provide positive evidence for the inertia conjecture of Dicks
and Ventura. More precisely, we prove that rk(H ∩ Fix(S)) ≤ rk(H) for every
family S of endomorphisms of Fn and every subgroup H of Fn with rk(H) ≤ 3.
1. Introduction
Throughout, Fn denotes a free group of finite rank n ≥ 2. A subgroup R ≤ Fn
is a retract of Fn if there exists a homomorphism r : Fn → R (called a retraction)
that restricts to the identity on R. In 1999, Bergman proved the following
Theorem 1.1 (Bergman, [2]). The intersection of any family of retracts of Fn is
a retract of Fn.
In the same paper, he raised the following
Question 1.2 (Bergman, [2]). Let R be a retract of Fn. Is H ∩ R a retract of H
for every finitely generated subgroup H of Fn?
The same question also appears in [1, Problem F11], [8, Problem 17.19] and
[23]. In addition to being important on its own right, another reason for the
sustained interest in Bergman’s question is due to its connection to the study of
fixed subgroups of endomorphisms of free groups.
For a given family S of endomorphisms of Fn, let
Fix(S) = {w ∈ Fn | ϕ(w) = w for every ϕ ∈ S}
denote the fixed subgroup of S. In the seminal paper [3], Bestvina and Handel
proved that rk(Fix(α)) ≤ n for every automorphism α of Fn. By an elementary al-
gebraic argument, Imrich and Turner [6] extended this result to all endomorphisms
of Fn. In the monograph [4], Dicks and Ventura introduced the concept of inertia
of subgroups of free groups: A subgroup H of Fn is inert if rk(K ∩H) ≤ rk(K) for
every subgroup K of Fn. After reformulating (in a more algebraic language) and
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extending the Bestvina-Handel theory, Dicks and Ventura proved that Fix(S) is
inert (in particular, rk(Fix(S)) ≤ n) for every family S of injective endomorphisms
of Fn. Furthermore, they conjectured that Fix(S) is inert for an arbitrary family S
of endomorphisms of Fn. In [2], Bergman provided evidence for the Dicks-Ventura
conjecture by proving the pinnacle result on the ranks of fixed subgroups of endo-
morphisms of free groups: rk(Fix(S)) ≤ n for every family S of endomorphisms
of Fn.
By an argument due to Turner [22], the Dicks-Ventura conjecture is equivalent
to the following
Conjecture 1.3 (Dicks-Ventura, [4]). Every retract of Fn is inert.
Since the rank of a retract of Fn is at most n (in fact, every proper retract of Fn
has rank smaller than n), it follows that a positive answer to Bergman’s question
would imply the Dicks-Ventura conjecture. (For a comprehensive history of the
theory of fixed subgroups of endomorphisms of free groups, we refer the reader to
the survey paper [23].)
In this paper, we answer the question of Bergman.
Theorem A. (i) Let H be a subgroup of Fn of rank two, and let R be a retract
of Fn. Then H ∩ R is a retract of H.
(ii) For every m ≥ 3 and every 1 ≤ k ≤ n− 1, there exist a subgroup H of Fn of
rank m and a retract R of Fn of rank k such that H ∩ R is not a retract of
H.
In contrast to the negative result of Theorem A (ii), our next theorem provides
further evidence for the Dicks-Ventura conjecture.
Theorem B. Let R be a retract of Fn, and let H be a subgroup of Fn such that
rk(H) ≤ 3. Then rk(H ∩R) ≤ rk(H).
As a consequence of this theorem, we get the following
Corollary C. Let S be a family of endomorphisms of Fn, and let H be a subgroup
of Fn with rk(H) ≤ 3. Then rk(H ∩ Fix(S)) ≤ rk(H).
In Section 2, we prove Theorem A (i). The proof uses recent results on test
elements of free pro-p groups; the main step is a result reminiscent of the Prime
Avoidance Lemma from commutative algebra (see Lemma 2.5). After some prelim-
inary ‘positive’ results on visible elements (which, we believe, are of independent
interest), in Section 3, we complete the proof of Theorem A. The arguments in
this section have a more geometric flavor. Section 4 is dedicated to the proof of
Theorem B; here we use pro-p techniques and the Hanna Neumann conjecture
(proved in 2011 independently by Friedman and Mineyev ).
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2. When H is of rank two
An element g of a group G is called a test element if every endomorphism of G
that fixes g is an automorphism. Let x1, x2, . . . , xn be a basis of Fn; then
• the commutator [x1, x2] is a test element of F2 (Nielsen, [11]);
• [x1, x2][x3, x4] · · · [x2m−1, x2m] is a test element of F2m (Zieschang, [24]);
• every higher commutator of weight n (with arbitrary disposition of com-
mutator brackets) involving all n letters x1, x2, . . . , xn is a test element of
Fn (Rips, [16]);
• xk11 x
k2
2 · · ·x
kn
n is a test element of Fn if and only if ki 6= 0 for all 1 ≤ i ≤ n
and gcd(k1, . . . , kn) 6= 1 (Turner, [22]);
• the set of test elements of Fn forms a net in the Cayley graph of Fn ([18]).
There is a close connection between retracts and test elements of free groups.
Theorem 2.1 (Turner, [22]). An element w ∈ Fn is a test element if and only if
it does not belong to a proper retract of Fn.
Let p be a prime. A pro-p group is a compact Hausdorff topological group whose
open subgroups form a base for the neighborhoods of the identity and every open
normal subgroup has index a power of p. Equivalently, a pro-p group is an inverse
limit of an inverse system of finite p-groups.
Given a discrete group G, the pro-p completion Ĝp of G is defined as the inverse
limit of the (obvious) inverse system formed by the finite quotients G/N , where
N runs through the normal subgroups of G of index a finite power of p. There is a
natural homomorphism p : G→ Ĝp determined by the projections G→ G/N . If
G is residually finite-p, then p is an embedding and we identify p(G) with G. The
pro-p completion F̂n,p of Fn is a free pro-p group. Since free groups are residually
finite-p, Fn ≤ F̂n,p and every basis of Fn is a basis of F̂n,p (as a free pro-p group).
We refer the reader to [12, Section 3.2 and Section 3.3] for more details on pro-p
completions and free pro-p groups.
In [17], test elements in pro-p groups were studied. In particular, the following
results were proved.
Theorem 2.2. (i) [17, Corollary 3.6] Let p be a prime. Then w ∈ F̂n,p is a test
element of F̂n,p if and only if it is not contained in a proper free factor of
F̂n,p.
(ii) [17, Corollary 7.2] If w ∈ Fn is a test element of F̂n,p for some prime p, then
it is a test element of Fn.
(iii) [17, Proposition 7.6] w ∈ F2 is a test element of F2 if and only if it is a test
element of F̂2,p for some prime p.
(iv) [17, Proposition 5.13 (b) and Proposition 5.10 (b)] Let p be any prime and
let x1, x2 be a basis of F̂2,p. Then [x1, x2] is a test element of F̂2,p.
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Remark 2.3. Theorem 2.2 (iii) does not extend to free groups of higher rank.
Indeed, it was proved in [19] that for each n ≥ 3, there are test elements of Fn
that are not test elements of F̂n,p for any prime p.
In the following proposition, we collect a few basic facts on retracts of free pro-p
groups that will be used several times in the ensuing arguments.
Proposition 2.4. Let p be a prime.
(i) [17, Corollary 3.6 and Proposition 7.1] If R is a retract of Fn, then R (the
closure of R in F̂n,p) is a free factor of F̂n,p.
(ii) [9, Lemma 3.7] If H is a (topologically) finitely generated closed subgroup of
F̂n,p and K is a free factor of F̂n,p, then H ∩K is a free factor of H.
The following Lemma will be essential in the proof of Theorem A (i), however,
it seems to be of independent interest as well.
Lemma 2.5. Let H be a subgroup of Fn, and let {Ri | i ∈ I} be a family of
retracts of Fn. Then the following holds:
(a) If x1, . . . , xm is a basis of H and [x1, . . . , xm] ∈ Ri for some i ∈ I, then
H ≤ Ri.
(b) If H ⊆
⋃
i∈I Ri, then H ≤ Ri for some i ∈ I.
Proof. (a) Suppose that Ri contains the higher commutator t = [x1, . . . , xm], where
x1, . . . , xm is a basis of H . The proof is by induction on m. The case m = 1 being
trivial, we may assume that m ≥ 2.
Let r : Fn → Ri be a retraction; set s = [x1, . . . , xm−1], L = 〈s, xm〉, S =
〈r(s), r(xm)〉, and K = 〈L, S〉. The restriction of r to K is a retraction from K
onto S. Furthermore, as t ∈ Ri, we have [r(s), r(xm)] = r(t) = t 6= 1; thus S has
rank two.
Let p be any prime and consider the pro-p completion K̂p of K. Since L (the
closure of L in K̂p) is a free pro-p group of rank two with basis s, xm, it follows
from Theorem 2.2 (iv) that t = [s, xm] is a test element of L. By Proposition 2.4,
the closure of S in K̂p is a free factor of K̂p and S ∩ L is a free factor of L. Since
t ∈ S∩L and t is a test element of L, it follows from Theorem 2.2 (i) that S∩L = L.
Therefore, K̂p = S, and thus K̂p has rank two. This implies that K also has rank
two. Since S and K have the same rank and S is a retract of K, we may conclude
that K = S. Hence, s, xm ∈ Ri, and by applying the induction hypothesis to s
and the subgroup 〈x1, x2, . . . , xm−1〉, we get that x1, x2, . . . , xm−1 ∈ Ri. Therefore,
H ≤ Ri, as claimed.
(b) Suppose that H ⊆
⋃
i∈I Ri. First we consider the case when H has finite
rank. Let x1, . . . , xm be a basis of H ; then [x1, . . . , xm] ∈ Ri for some i ∈ I, and
it follows from part (a) that H ≤ Ri.
Now suppose that H has infinite rank. Let x1, x2, . . . be a basis of H . Put
Hk = 〈x1, . . . , xk〉 for k ≥ 1. Then H =
⋃∞
k=1Hk, and it follows from the finite
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rank case that for every k ≥ 1, there is ik ∈ I such that Hk ≤ Rik . If none of the
retracts Rik(k ≥ 1) contains H , then it is easy to see that there is a subsequence
of indices k1 < k2 < . . . such that
∞⋂
j=1
Rikj 
∞⋂
j=2
Rikj 
∞⋂
j=3
Rikj  . . .
By Theorem 1.1, each one of these intersections is a proper retract of Fn, and thus
it has rank at most n − 1. This is a contradiction with the well-known fact that
every ascending sequence of subgroups of Fn of bounded rank is stationary.

Proof of Theorem A (i). Let x1, x2 be a basis of H . Of course, we may assume
that H ∩ R 6= {1}. We consider two cases.
Case I: R does not contain a test element of H ; by Howson’s theorem, R ∩H
is finitely generated, and it follows from Theorem 2.1 that it can be covered by
proper retracts of H :
R ∩H ⊆
⋃
i∈I
Si,
where Si is a proper retract ofH for every i ∈ I. By Lemma 2.5 (b), R∩H ≤ Si for
some i ∈ I. Since Si is a proper retract of H , it must be cyclic. Furthermore, since
retracts of free groups are isolated subgroups, it follows that Si ≤ R. Therefore,
H ∩ R = Si.
Case II: R contains a test element u(x1, x2) of H ; set S = 〈r(x1), r(x2)〉 and
K = 〈H,S〉. By Theorem 2.2 (iii), there is a prime p such that u is a test element
of Ĥp. Since H is of rank two, the inclusion H →֒ K extends to an isomorphism
from Ĥp onto H ≤ K̂p. Hence, u is a test element of H.
Observe that S is a retract of K. Hence, by Proposition 2.4, S is a free fac-
tor of K̂p and S ∩ H is a free factor of H . Since u(x1, x2) = r(u(x1, x2)) =
u(r(x1), r(x2)) ∈ S ∩ H , it follows from Theorem 2.2 (i) that S = K̂p. Conse-
quently, S and K both have rank two, and since S is a retract of K, it follows
that S = K. Therefore, H ∩R = H . 
3. When H is of rank ≥ 3
An element a = (a1, . . . , an) ∈ Z
n is called visible (or primitive) if it belongs to
a basis of Zn, or equivalently, if gcd(a1, . . . , an) = 1. Let πab : Fn → F
ab
n be the
quotient homomorphism from Fn onto its abelianization. An element w ∈ Fn is
said to be visible if πab(w) is visible in F
ab
n .
The visible elements of Fn are precisely the generators of cyclic retracts, that is,
〈w〉 ≤ Fn is a retract of Fn if and only if w is a visible element of Fn. Therefore, in
the case of cyclic retracts, Bergman’s question admits the following reformulation.
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Question 3.1. Let w be a visible element of Fn, and let H be a finitely generated
subgroup of Fn that contains some non-trivial power of w. Let m be the smallest
positive integer such that wm ∈ H. Is wm a visible element of H?
The search for an H for which the above question has a negative answer could
be narrowed down to finite index subgroups. Indeed, suppose that R is a retract
of Fn and H is a finitely generated subgroup of Fn such that R∩H is not a retract
of H . By Marshall Hall’s theorem, H is a free factor of some finite index subgroup
K of Fn. Furthermore, by the Kurosh subgroup theorem, R ∩ H is a free factor
of R∩K. We claim that R∩K is not a retract of K; otherwise R∩H would also
be a retract of K, and thus a retract of H , which contradicts our assumption.
Our next result provides further guidance for finding the right H and w. We
begin with some preliminaries.
Let Γ be an oriented 1-dimensional CW complex (a directed graph) with one
0-cell (vertex), denoted by ∗, and n oriented 1-cells (edges), e1, e2, . . . , en. We
think of Fn as the fundamental group of Γ, and we let xi ∈ Fn stand for the
homotopy class of the loop determined by the (directed) edge ei (1 ≤ i ≤ n).
For 1 ≤ i ≤ n, let σxi : Fn → Z be the homomorphism defined by σxi(xj) = δij ,
where δij is the Kronecker delta. (Thus for w ∈ Fn, σxi(w) is the sum of the
exponents of all occurrences of xi in w.) The first homology group of Γ (with
coefficients in Z) is a free abelian group with basis e1, . . . , en; moreover, there is
a homomorphism σ : Fn → H1(Γ), defined by σ(w) =
∑n
i=1 σxi(w)ei, that factors
through an isomorphism from F abn onto H1(Γ).
For a given finite index subgroup H of Fn, we denote by θH : Fn → H
ab the
transfer map. In the geometric context of covering spaces, θH can be described as
follows. Let fH : (Γ˜H , ∗˜H) → (Γ, ∗) be the pointed covering space corresponding
to H . Given an element w = xǫ1i1x
ǫ2
i2
. . . xǫkik ∈ Fn (1 ≤ ij ≤ n and ǫj ∈ {−1, 1} for
every 1 ≤ j ≤ k), let p = eǫ1i1 e
ǫ2
i2
. . . eǫkik be the corresponding path in Γ, and for
each vertex v of Γ˜H , let p˜v be the lift of p with origin v. Let c1, c2, . . . , cs be the
cycles of the permutation induced by w on the vertices of Γ˜H . If ct = (v1v2 . . . vl)
(1 ≤ t ≤ s), then p˜v1 · p˜v2 · . . . · p˜vl is a closed path in Γ˜H ; we denote by hct
the corresponding homology class in H1(Γ˜H). Then, upon identifying H
ab with
H1(Γ˜H), we have θH(w) = hc1 + hc2 + . . .+ hcs.
Lemma 3.2. The transfer map θH : Fn → H
ab sends visible elements to visible
elements.
Proof. For each 1 ≤ i ≤ n, let e˜i be the lift of ei to an oriented edge of Γ˜H
with origin ∗˜H . Let C1(Γ˜H) be the group of (cellular) 1-chains of Γ˜H , and let
ϕ : H1(Γ˜H) → H1(Γ) be the restriction of the homomorphism from C1(Γ˜H) to
H1(Γ) that sends e˜i to ei (1 ≤ i ≤ n) and maps all of the other edges of Γ˜H to 0.
We claim that the following diagram commutes:
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Fn ∼= π1(Γ)
θH
//
σ
((P
P
P
P
P
P
P
P
P
P
P
P
H1(Γ˜H) ∼= H
ab
ϕ

H1(Γ) ∼= F
ab
n
Let w = xǫ1i1x
ǫ2
i2
. . . xǫkik ∈ Fn, and let p = e
ǫ1
i1
eǫ2i2 . . . e
ǫk
ik
be the corresponding path
in Γ. For every vertex v of Γ˜H , let p˜v be the lift of p to a path in Γ˜H with origin
v. Then σ(w) = ϕ(θH(w)) is a consequence of the fact that for each 1 ≤ j ≤ k,
there is a unique vertex v such that in p˜v the edge e
ǫij
ij
is lifted to e˜
ǫij
ij
.
If θH(w) (for some w ∈ Fn) is not a visible element of H
ab, then we can write
θH(w) = ma for some a ∈ H
ab and m ≥ 2. Therefore, σ(w) = ϕ(θH(w)) = mϕ(a)
is not a visible element of F abn , and thus w is not visible in Fn. 
Proposition 3.3. Let H be a finite index subgroup of Fn, and let w ∈ Fn be a
visible element. Suppose that m is the smallest positive integer such that wm ∈ H.
Then wm is a visible element of H if one of the following holds:
(a) 〈w〉 acts transitively on the (right) cosets of H;
(b) H is a subnormal subgroup of Fn.
Proof. If (a) holds, then θH(w) coincides with the image of w
m in Hab; hence, wm
is visible in H by Lemma 3.2.
Suppose that (b) holds; by induction, we may further assume that H is a normal
subgroup of Fn. Let c1, c2, . . . , cs be the cycles of the permutation induced by w on
the vertices of Γ˜H , and let hc1, hc2, . . . , hcs be the corresponding homology classes
(defined as above). Suppose that c1 is the cycle containing ∗˜H ; then hc1 is the
image of wm in Hab.
The group of deck transformations, G/H , of Γ˜H acts transitively on the set
{hc1 , hc2, . . . , hcs} ⊆ H1(Γ˜H); for each 2 ≤ j ≤ s, fix gj ∈ G/H such that h
gj
c1 = hcj .
If hc1 = ma for some a ∈ H
ab and m ≥ 1, then
θH(w) = hc1 + hc2 + . . .+ hcs = h1 + h
g2
1 + . . .+ h
gs
1 = m(a + a
g1 + . . .+ ags).
Since, by Lemma 3.2, θH(w) is visible in H
ab, it follows that m = 1. Therefore,
hc1 is visible in H
ab and wm is visible in H . 
For a while, our discussion will be restricted to the free group of rank two.
Accordingly, we let Γ denote the CW complex with one 0-cell and two (oriented)
1-cells, e and f . We think of F2 as the fundamental group of Γ, and we let x and
y stand for the homotopy classes of the loops determined by e and f , respectively.
For m ≥ 2, let Γm be a CW complex with m 0-cells, v0, v1, . . . , vm−1, and 2m
(oriented) 1-cells, ei, fi (0 ≤ i ≤ m− 1). The origin of both ei and fi is the vertex
vi; the terminus of ei is vm−i and the terminus of fi is vi+1, where the indices are
taken modulo m (see Figure 1). Let hm : Γm → Γ be the (graph) map defined by
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v0
v1 v2 v3 v4
v8 v7 v6 v5
f0
f1 f2 f3
f4
f5f6f7
f8
e1 e2 e3 e4e8 e7 e6 e5e0
Figure 1. The graph Γ9.
hm(ei) = e and hm(fi) = f for every 1 ≤ i ≤ m− 1. It is straightforward to verify
that hm is a covering map.
Consider the subgroupHm = (hm)∗(π1(Γm, v0)) of F2. The edges f0, f1, . . . , fm−2
form a spanning subtree of Γm; the basis of Hm determined (in the standard way)
by this tree is x, t1 = yxy
−(m−1), t2 = y
2xy−(m−2), . . . , tm−1 = y
m−1xy−1, ym.
It will be convenient to have another way of describing the subgroup Hm. Let
ψm : F2 → Dm = 〈t, s | t
2 = 1, sm = 1, tst = s−1〉 be the homomorphism defined
by ψm(x) = t and ψm(y) = s. We claim that Hm = ψ
−1
m (〈t〉). Indeed, it is easy
to check that Hm ≤ ψ
−1
m (〈t〉), and since both subgroups have index m in F2, they
must coincide.
For k ≥ 1, set wk = x[x, y]
k ∈ F2. (Here, [x, y] = xyx
−1y−1.) Each wk is a
visible element in F2. Since ψm(wk) = t[t, s]
k = ts−2k, we have that wk ∈ Hm if
and only if m | 2k. Moreover, ψm(w
2
k) = 1, and thus w
2
k ∈ Hm for every k ≥ 1.
Lemma 3.4. Let m = 2k + 1 with k ≥ 1. Then wk /∈ Hm and
w2k = x
2t−1m−1tm−2t
−1
m−3tm−4 . . . t
−1
2 t1tm−1t
−1
m−2tm−3t
−1
m−4 . . . t2t
−1
1 ∈ Hm.
In particular, w2k is not a visible element of Hm.
Proof. Since m does not divide 2k, it follows from the discussion before the lemma
that wk /∈ Hm. Consider the path
pk = ee (fe
−1f−1e)(fe−1f−1e) . . . (fe−1f−1e)︸ ︷︷ ︸
k times
e (fe−1f−1e) . . . (fe−1f−1e)︸ ︷︷ ︸
(k−1) times
fe−1f−1
in Γ; it determines the element w2k ∈ F2.
For each 0 ≤ i ≤ m − 3, the path fe−1f−1e in Γ lifts in Γm to the path
fie
−1
m−(i+1)f
−1
m−(i+2)em−(i+2) with origin vi and terminus vi+2. Furthermore, the path
fe−1f−1 lifts to the path fm−2e
−1
1 f
−1
0 with origin vm−2 and terminus v0.
RETRACTS OF FREE GROUPS AND A QUESTION OF BERGMAN 9
It follows now easily that pk lifts to the following loop at v0 in Γm:
p˜k =e0e0(f0e
−1
m−1f
−1
m−2em−2)(f2e
−1
m−3f
−1
m−4em−4) . . . (fm−3e
−1
2 f
−1
1 e1)
em−1(f1e
−1
m−2f
−1
m−3em−3) . . . (fm−4e
−1
3 f
−1
2 e2)fm−2e
−1
1 f
−1
0 .
Finally, the expression for w2k in terms of the basis of Hm can be read from p˜k. 
Example 3.5. For a simple example that provides a negative answer to Bergman’s
question, take K = 〈x, t1 = yxy
−2, t2 = y
2xy−1〉 ≤ F2. Then w1 = x[x, y] is a
visible element of F2, and thus R = 〈w1〉 is a retract of F2; since w
2
1 = x
2[t−12 , t1]
is not a visible element of K, it follows that K ∩ R = 〈w21〉 is not a retract of K.
Proof of Theorem A (ii). For m ≥ 3, we set Lm = Hm−1 if m is even; otherwise
we define Lm to be the subgroup of Hm generated by x, t0, t1, . . . , tm−1. Observe
that rk(Lm) = m for every m ≥ 3.
For m ≥ 1, let Rm = 〈wk〉 ≤ F2, where k = ⌊
m−1
2
⌋. Then Rm is a retract of F2,
and it follows from Lemma 3.4 that Rm ∩ Lm is not a retract of Lm. This proves
Theorem A (ii) in the case when n = 2.
For the general case, we write Fn = F2 ∗ Fn−2 (F1 stands for an infinite cyclic
group), and we consider Lm and Rm as subgroups of the first factor of the free
product decomposition of Fn. Given any retract S of the second factor, we have
that Rm ∗S is a retract of Fn. However, (Rm ∗S)∩Lm = Rm∩Lm is not a retract
of Lm. 
In [20], the following conjecture was made
Conjecture 3.6. Let H be a finitely generated subgroup of Fn that is not contained
in a proper retract of Fn. Then every test element of H is a test element of Fn.
As a consequence of Theorem A, we obtain the following
Theorem 3.7. Conjecture 3.6 does not hold.
Proof. Choose a subgroup H of Fn of rank three for which there exists a retract
R of Fn such that H ∩ R is not a retract of H . Let S be the intersection of all
retracts of Fn that contain H . By Theorem 1.1, S and R ∩ S are retracts of Fn.
Furthermore, R∩S is a proper retract of S, H∩(R∩S) = H∩R is not a retract of
H , and H is not contained in a proper retract of S. Hence, after replacing Fn by
S and replacing R by R ∩ S, we may assume that H is not contained in a proper
retract of Fn.
If H ∩R does not contain a test element of H , then by Theorem 2.1, there are
proper retracts Ti, i ∈ I, of H such that H ∩ R ⊆
⋃
i∈I Ti. By Lemma 2.5 (b),
H ∩ R ⊆ Ti for some i ∈ I. Since Ti is a proper retract of H , it has rank at most
two, and it follows from Theorem A (i) that Ti ∩R is a retract of Ti. This implies
that H ∩ R = Ti ∩R is a retract of H , a contradiction.
Therefore, H ∩ R contains a test element of H . However, by Theorem 2.1, no
element contained in R is a test element of Fn. 
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4. The Dicks-Ventura Conjecture
Throughout this section, p denotes a fixed prime. The pro-p topology of Fn is
the coarsest topology with respect to which Fn is a topological group and every
homomorphism from Fn into a finite p-group is continuous. The normal subgroups
of Fn of index a finite power of p form a base for the neighborhoods of the identity
for the pro-p topology.
Given a subgroup H of Fn, we denote by cl(H) the closure of H in the pro-p
topology of Fn (the notation H continues to be used for the closure of H in F̂n,p).
Lemma 4.1. Let R be a retract of Fn, and let H be a finitely generated subgroup
of Fn. Then the following holds:
(a) If H is closed in the pro-p topology of Fn, then either H ≤ R or rk(H ∩R) <
rk(H).
(b) If H is not contained in R, then rk(cl(H) ∩R) < rk(H).
Proof. Suppose that H is closed in the pro-p topology of Fn and that R does not
contain H . Since R is a retract of Fn, it follows from [12, Lemma 3.1.5] that it
is closed in the pro-p topology of Fn. Hence, R ∩ H is also closed in the pro-p
topology. Furthermore, by [14, Proposition 2.3] (see also [15, Proposition 13.1.4]),
H ∩ R = H ∩R in F̂n,p, and it follows from [13, Lemma 5.3 (2) and Corollary 5.8
(b)] that
rk(H ∩R) = rk(H ∩R) = rk(H ∩ R).
By Proposition 2.4, R is a free factor of F̂n,p and H ∩ R is a free factor of H .
Moreover, by [13, Lemma 5.4], Fn ∩ H ∩ R = H ∩ R < H = Fn ∩ H . It follows
that H ∩ R is in fact a proper free factor of H. Hence,
rk(H ∩ R) = rk(H ∩ R) < rk(H) = rk(H).
Now (b) follows from (a) and the fact that rk(cl(H)) ≤ rk(H) (see [15, Propo-
sition 11.3.1]). 
Proof of Theorem B. Wemay suppose thatH is not contained inR. By Lemma 4.1
(b),
rk(cl(H) ∩R) < rk(H) ≤ 3.
By the Hanna Neumann conjecture (see [5], [10] and [7]; in fact, here we only need
the special case, first proved in [21], when one of the intersecting subgroups is of
rank two), we have
rk(H ∩ R) = rk(H ∩ (cl(H) ∩R)) ≤ rk(H).

For completeness, we prove Corollary C, although it follows from Theorem B
by a well-known argument.
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Proof of Corollary C. We call a subgroup H of Fn 3-inert if rk(K∩H) ≤ rk(K) for
every subgroup K of Fn with rk(K) ≤ 3. We need to show that Fix(S) is a 3-inert
subgroup of Fn for every family S of endomorphisms of Fn. Since the property
of being 3-inert is closed under intersections, we may assume that S consists of a
single endomorphism ϕ of Fn.
By [22, Theorem 1], ϕ∞(Fn) =
⋂∞
k=1 ϕ
k(Fn) is a retract of Fn. Moreover, by [6,
Theorem 1], ϕ(ϕ∞(Fn)) = ϕ
∞(Fn) and ϕ
∞ = ϕ|ϕ∞(Fn) : ϕ
∞(Fn) → ϕ
∞(Fn) is an
automorphism. It follows from the main theorem of [4] that Fix(ϕ) = Fix(ϕ∞) is
3-inert in ϕ∞(Fn). By Theorem B, ϕ
∞(Fn) is 3-inert in Fn. Since the property of
being 3-inert is transitive, it follows that Fix(ϕ) is 3-inert in Fn. 
We end the paper with some further evidence for the Dicks-Ventura conjecture.
Proposition 4.2. Let R be a retract of Fn, and let H be a finitely generated
subgroup of Fn with [cl(H) : H ] <∞. Then rk(H ∩R) ≤ rk(H).
Proof. Set m = [cl(H) : H ] and k = [cl(H) ∩ R : H ∩ R]; observe that k ≤ m. It
follows from Lemma 4.1 (a) and the Schreier formula that
rk(H ∩ R) = k(rk(cl(H) ∩ R)− 1) + 1 ≤ m(rk(cl(H))− 1) + 1 = rk(H).

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